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1. Introduction
The metaplectic group Mp2n is a double cover of the symplectic group Sp2n . It can be deﬁned
for any local ﬁeld F using the Hilbert symbol of F . The group Mp2n(F ) has a distinguished unitary
representation, the Weil representation, which plays an important role in the study of theta functions
and automorphic forms. A generalization of Weil representation for loop symplectic groups was con-
structed by one of us in [11]. As in the ﬁnite dimensional case, the Weil representation for the loop
group Sp2n(F ((t))) is a projective representation, and it gives rise a central extension S˜p2n(F ((t)))
of the loop group Sp2n(F ((t))) which we call the metaplectic loop group. The space S(t−1F [t−1]2n),
formed by the Schwartz functions on the space t−1F [t−1]2n , is a model of the Weil representation of
the loop metaplectic group, where a function on an inﬁnite dimensional F -space such as t−1F [t−1]2n
is called a Schwartz function if its restriction on each ﬁnite dimensional F -subspace is a Schwartz
function in the usual sense.
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3116 D. Liu, Y. Zhu / Journal of Algebra 324 (2010) 3115–3130In the ﬁnite dimensional case, the Weil representation for Mp2n admits an important linear func-
tional, the theta functional. We recall two related formulations that have generalizations to the loop
group case. The ﬁrst formulation involves only the real number ﬁeld R and its discrete subring Z.
We let L2(Rn) be the usual model of the Weil representation for Mp2n(R), and the dense subspace
S(Rn) ⊂ L2(Rn) is closed under the group action. The theta functional is
θ : S(Rn)→ C, θ( f ) = ∑
k∈Zn
f (k).
And it is invariant under the congruence subgroup Γ1,2, where Γ1,2 is the subgroup of Sp2n(Z) con-
sisting of g ∈ Sp2n(Z) such that g mod 2 is an isometry of the quadratic form Q on (Z/2Z)2n given by
Q (x1, x2) = x1xT2 . The second formulation is more general and involves a number ﬁeld F and its adele
ring A. The space L2(An) is a model for the adelic metaplectic group and S(An) is a dense subspace
closed under the group action. The theta functional is
θ : S(An)→ C, θ( f ) =∑
k∈F
f (k)
and it is invariant under Sp2n(F ). In the case that F = Q and f =
∏
v f v ∈ S(An) with all the p-adic
components f p equal to the characteristic function of Znp , the adelic theta functional reduces to the
real theta functional.
A generalization of the ﬁrst formulation of the above theta functional was given in [11]. The com-
parison with the ﬁnite dimensional case suggests that the theta functional should be deﬁned as
θ( f ) =
∑
k∈t−1Z[t−1]2n
f (k). (1)
The problem is that Eq. (1) is not always convergent even for a Schwartz function on t−1R[t−1]2n . For
example, if ( , ) is the inner product on t−1R[t−1]2n such that the monomials t−ie j , where i = 1,2, . . . ,
and e j ( j = 1, . . . ,2n) is the standard basis for R2n , forms an orthonormal basis, then f (x) = e−(x,x) is
a Schwartz function, since its restriction on every ﬁnite dimensional subspace of t−1R[t−1]2n is again
a Gaussian function. It is easy to see that the sum Eq. (1) is not convergent in this case. The diﬃculty
is overcame by introducing an analog of Siegel’s upper half space H for the symplectic loop group.
Each element in H gives rise a C-valued non-degenerate symmetric bilinear form ( , ) on t−1R[t−1]2n
with imaginary part positive deﬁnite. The span of Gaussian functions f (x) = eπ i(x,x) , for ( , ) corre-
sponding to an element in the Siegel’s upper half space, forms a proper subspace V of the space of
all Gaussian functions. The space V is closed under the action by the loop metaplectic group, and the
theta functional
θ( f ) =
∑
k∈t−1Z[t−1]2n
eπ i(k,k)
is convergent for f ∈ V and invariant under the loop group analog of the congruence subgroup Γ1,2.
A generalization of the theta functional for the Weil representation of the adelic loop metaplectic
groups is given in [4]. The result was used to prove a loop group analog of the Siegel–Weil for-
mula [4]. In both the real case and the adelic case, one needs to introduce a twist operator in the
formulation of the theta functional and the proof of its convergence. Such an operator is induced from
the automorphism of the ﬁeld F ((t)) given by an element q ∈ F ∗ . Such a q gives the automorphism
f (t) ∈ F ((t)) → f (qt). It lifts to an automorphism of the loop symplectic group Sp2n(F ((t))) in the
obvious way, and it can be proved that it lifts to an automorphism of the metaplectic loop group.
In the adelic case, for each local completion Fv of the number ﬁeld F , each qv ∈ F ∗v , we have an
automorphism for the loop metaplectic group S˜p2n(Fv ((t))). If (qv) is an adele of F , then it gives the
automorphism for the adelic metaplectic loop group. The convergence result for the theta functional
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interpretation of twist operators for the functional ﬁeld case [8] suggests that the natural condition
should be
∏
v |qv |v > 1, the conditions |qv |v  1 is redundant. The purpose of this work is to give
a proof of this convergence result (Theorem 3.1). An estimate of van der Geer and Schoof [5] about
h0(L) of an Arakelov line bundle L on an arithmetic curve is used in the proof. We also prove the con-
vergence of the theta functional for a function that is a polynomial times a suitable Gaussian function.
In Garland’s work about the arithmetic quotients and the Eisenstein series for loop groups [1–3], the
twist operators appear in the formulation of the problems and the condition similar to
∏
v |qv |v > 1
is also needed to prove important results.
The organization of this paper is as follows. In Section 2, we recall the construction of Weil rep-
resentation in [4,11] and ﬁx the notations. In Section 3, we deﬁne the theta functional and prove our
main result (Theorem 3.1).
2. Metaplectic loop group and the Weil representation
In this section, we recall the Weil representation of a loop symplectic group over a local ﬁeld
and the metaplectic loop group constructed in [11]. We then recall the construction of the adelic
metaplectic loop group for a number ﬁeld and the adelic Weil representation [4].
Let F be a local ﬁeld of characteristic 0 and ψ be a non-trivial additive character of F . For a
standard 2n-dimensional symplectic space F 2n over F with symplectic form 〈 , 〉, the space F ((t))2n =
F 2n ⊗F F ((t)) has an F ((t))-valued symplectic form 〈 , 〉F ((t)) given by the scalar extension. It gives an
F -valued symplectic form on F ((t))2n by taking the residue: for w, v ∈ F ((t))2n ,
〈w, v〉 = Res〈w, v〉F ((t)),
where Resa for a ∈ F ((t)) is the coeﬃcient of t−1 in a. The spaces
X− = t−1F
[
t−1
]2n
, X+ = F [[t]]2n
are maximal isotropic subspaces of F ((t))2n . Since the group Sp2n(F ((t))) preserves 〈 , 〉F ((t)) , it pre-
serves 〈 , 〉 on F ((t))2n . We shall assume Sp2n(F ((t))) acts on F ((t))2n from the right. The group
Sp(F ((t))2n, X+), which is by deﬁnition the group of all F -linear symplectic isomorphisms g of
F ((t))2n such that X+g and X+ are commensurable, contains Sp2n(F ((t))) as a subgroup.
Each g ∈ Sp(F ((t))2n, X+) has a matrix form
g =
[
α β
γ δ
]
(2)
with respect to the decomposition F ((t))2n = X− ⊕ X+ . So it acts on v + v∗ as (v + v∗)g =
(vα + v∗γ ) + (vβ + v∗δ), where α : X− → X− , β : X− → X+ , γ : X+ → X− and δ : X+ → X+ . We
sometimes write αg, βg, γg, δg to indicate the operators which are associated with g . For a symplec-
tic isomorphism g of F ((t))2n , the condition that X+g and X+ are commensurable is equivalent to
dim Imγg < ∞.
The Heisenberg group associated to the inﬁnite dimensional symplectic space F ((t))2n is
H = F ((t))2n × F
with the group structure given by
(x1,k1)(x2,k2) =
(
x1 + x2, 1
2
〈x1, x2〉 + k1 + k2
)
.
The group Sp(F ((t))2n, X+) acts on H (from the right) by (x,k) · g = (x · g,k).
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dimensional subspace is a Schwartz function in the ordinary sense. For example, if F is a p-adic ﬁeld
with the ring of integers O, the characteristic function of t−1O[t−1]2n is a Schwartz function; and if
F is R or C, q(x) is a C-valued quadratic form on X− with imaginary part positive deﬁnite, then eiq(x)
is a Schwartz function.
For a given non-trivial additive character ψ : F → U1, where U1 is the set of complex numbers
of modulus 1, the Heisenberg group H acts on S(X−) in the usual fashion so that a central element
(0, c) acts as ψ(c). For g ∈ Sp(F ((t))2n, X+) with decomposition Eq. (2), and a choice of Haar measure
on Imγ , we deﬁne an operator T g on S(X−) by
(T g f )(x) =
∫
Imγ
Sg
(
x+ x∗) f (xα + x∗γ )d(x∗γ ), (3)
where
Sg
(
x+ x∗)= ψ(1
2
〈xα, xβ〉 + 1
2
〈
x∗γ , x∗δ
〉+ 〈x∗γ , xβ〉).
The operator T g is compatible with the Heisenberg group action: i.e., for each h ∈ H ,
T−1g hT g = h · g. (4)
One can prove that T g1 T g2 equals to T g1 g2 up to a scalar. Therefore g → T g gives a projective rep-
resentation of Sp(F ((t))2n, X+) on S(X−). See [11] for a proof. By restriction, we have a projective
representation of Sp2n(F ((t))) on S(X−). The Steinberg symbol for the representation is given by the
following: for w1,w2 ∈ F ((t))∗ ,
(w1,w2) = γ (w1,ψ)

(w1)γ (w2,ψ)
(w2)
γ (w1w2,ψ)
(w1w2)
∣∣C(w1,w2)∣∣− 12 , (5)
where 
(w) = 0 or 1 according the valuation of w with respect to the local parameter t is even or
odd, C(w1,w2) is the tame symbol of w1 and w2, | | is the standard absolute value on F ∗ deﬁned
by the condition that vol(cU ) = |c|vol(U ) for a Haar measure vol on the additive group F , γ (c,ψ) is
the Weil index of c deﬁned by the condition that the Fourier transform
F
(
ψ
(
1
2
cx2
))
of the distribution ψ( 12 cx
2) equals to
γ (c,ψ)|c|− 12 ψ(−c−1x2),
see [10]. Unlike the Hilbert symbol on F ∗ and the tame symbol on F ((t))∗ , the symbol (w1,w2)
above does not satisfy the K2 relations, instead it satisﬁes the following weaker relations:
(w,u)(wu, v) = (w,uv)(u, v),
w(1,u) = w(u,1) = 1,
(w,u)
(
w,−u−1)= (w,−1),
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(w,u) = (w,−wu),
(w,u) = (w, (1− w)u). (6)
According to [7], a symbol on F ((t))∗ satisfying Eq. (6) deﬁnes a central extension of Sp2n(F ((t)))
with center C∗ . We denote by S˜p2n(F ((t))) the central extension of Sp2n(F ((t))) for the symbol in
Eq. (5):
1 → C∗ → S˜p2n
(
F ((t))
)→ Sp2n(F ((t)))→ 1.
We call S˜p2n(F ((t))) a metaplectic loop group.
The group S˜p2n(F ((t))) can be constructed in terms of generators and relations. To describe it, we
ﬁx a Borel subgroup B0 of Sp2n as the stabilizer of the ﬂag
span{e1} ⊂ · · · ⊂ span{e1, . . . , en},
where ei denotes the vector with i-th coordinate 1 and other coordinates 0. We ﬁx the maximal
torus A0 of Sp2n(F ) consisting of diagonal elements, and let 0 be the corresponding set of roots
of Sp2n . We ﬁx a Chevalley basis of the Lie algebra g of Sp2n . The group S˜p2n(F ((t))) for n  2 can
be described as the group generated by root vectors xα(a), where α ∈ 0 and a ∈ F ((t)), and the
relations Eqs. (7), (8) and (9) below:
xα(a1)xα(a2) = xα(a1 + a2). (7)
If α and β are roots and α + β = 0, then
xα(a)xβ(b)xα(a)
−1xβ(b)−1 =
∏
xiα+ jβ
(
ci ja
ib j
)
, (8)
where the product is over all the roots iα + jβ , i > 0, j > 0 and the coeﬃcients ci j ∈ Z are given in
terms of the Chevalley basis of g. If α + β is not a root, then the right-hand side is 1. See [9] for the
precise meaning of the right-hand side. For a ∈ F ((t))∗ , we set
wα(a) = xα(a)x−α
(−a−1)xα(a)
and
hα(a) = wα(a)wα(1)−1;
then
hθ (a)hθ (b)hθ (ab)
−1 = (a,b), (9)
where (a,b) is the symbol in Eq. (5), and θ is the longest root of Sp2n . The relations for the case
Sp2 = SL2 is slightly different, see [4]. The group Sp2n(F ((t))) can be described as the group with
generators x¯α(a), where α ∈ 0 and a ∈ F ((t)), and relations Eqs. (7), (8) and
h¯θ (a)h¯θ (b)h¯θ (ab)
−1 = 1.
The morphism S˜p2n(F ((t))) → Sp2n(F ((t))) is given by xα(a) → x¯α(a).
3120 D. Liu, Y. Zhu / Journal of Algebra 324 (2010) 3115–3130To describe the action π : S˜p2n(F ((t))) → GL(S(X−)), it is suﬃcient to describe the action of the
generators xα(a) and of c ∈ C∗ . If a ∈ F [[t]], then g .= x¯α(a) ∈ Sp2n(F [[t]]), Imγg = {0}, π(xα(a)) is T g
in Eq. (3) with the Haar measure on Imγg as the counting measure, i.e., the volume of {0} is 1. For
general a ∈ F ((t)), we can ﬁnd a diagonal element of type
tk
.= diag(tk1 , . . . , tkn , t−k1 , . . . , t−kn)
such that tkx¯α(a)(tk)−1 = x¯α(t(α,k)a) ∈ Sp2n(F [[t]]); then we set
π
(
xα(a)
)= (Ttk )−1π(xα(t(α,k)a))Ttk . (10)
Note that Ttk is as in Eq. (3) and the conjugation above is independent of the choice of the Haar
measure for Imγtk . And c ∈ C∗ acts as scalar multiplication by c. It is clear that, for g ∈ S˜p2n(F ((t))),
g¯ ∈ Sp2n(F ((t))) the image of g , π(g) equals to T g¯ up to scalar.
The reparametrization group of F ((t)) is by deﬁnition
Aut F ((t)) =
{ ∞∑
i=1
ait
i ∈ F [[t]]t
∣∣∣ a1 = 0},
with the group operation (σ1 ∗ σ2)(t) = σ2(σ1(t)). It acts on F ((t)) from the right by
a(t) · σ(t) = a(σ−1(t)).
And it acts on the space F ((t))dt of formal 1-forms (from the right) by
a(t)dt · σ = a(σ−1(t)) d
dt
σ−1(t)dt.
We view the ﬁrst n components in X = F ((t))2n as elements in F ((t)) and the last n components as
elements in F ((t))dt (without writing dt), then Aut F ((t)) acts on F ((t))2n by
(
a1(t), . . . ,an(t),an+1(t), . . . ,a2n(t)
) · σ
=
(
a1
(
σ−1(t)
)
, . . . ,an
(
σ−1(t)
)
,an+1
(
σ−1(t)
) d
dt
σ−1(t), . . .
)
.
Since the residue of a 1-form is independent of the local parameter, the action preserves the sym-
plectic form. And when we write σ ∈ Aut F ((t)) as in Eq. (2), it is clear that γ = 0, so we may view
Aut F ((t)) as a subgroup of Sp(F ((t))2n, X+). Using Eq. (3), σ acts on S(X−) by
(
π(σ ) f
)
(x) = ψ
(
1
2
〈xα, xβ〉
)
f (xα).
It is easy to check that
π(σ1)π(σ2) = π(σ1 ∗ σ2).
The multiplicative group F ∗ is a subgroup of Aut F ((t)) by the embedding c → ct , the action of F ∗ on
S(X−) is given by
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= f (x1(c−1t), . . . , xn(c−1t), c−1xn+1(c−1t), . . . , c−1x2n(c−1t)). (11)
The group Aut F ((t)) also acts on Sp2n(F ((t))) as automorphism (see [4]). Since the Aut F ((t))-
action on F ((t)) preserves the symbol in Eq. (5), the Aut F ((t))-action on Sp2n(F ((t))) lifts to an action
on S˜p2n(F ((t))) and therefore an action of Aut F ((t)) on the semi-direct product S˜p2n(F ((t)))H . And
S(X−) is a representation of the semi-direct product group Aut F ((t))  (S˜p2n(F ((t)))  H).
Let B be the subgroup of S˜p2n(F ((t))) which consists of elements g such that g¯ ∈ Sp2n(F [[t]])
and g¯ mod t is in B0. We call B a Borel subgroup of S˜p2n(F ((t))). It is clear the center C
∗ ⊂ B . Let
N be the subgroup generated by wα(a) with α ∈ 0 and a ∈ F ((t))∗ . Then (B,N) is a BN-pair for
S˜p2n(F ((t))) with the aﬃne Weyl group Ŵ as the Weyl group. This can be proved using the pull-back
of the standard BN-pair for Sp2n(F ((t))) under the map
S˜p2n
(
F ((t))
)→ Sp2n(F ((t))). (12)
We can deﬁne a “maximal compact subgroup” K of S˜p2n(F ((t))) so that all the expected properties
are satisﬁed [4]. If F is a p-adic ﬁeld with ring of integers O, the image of K under the map Eq. (12)
is Sp2n(O((t))). When the residual characteristic of O is not 2 and the conductor of ψ is O, Eq. (12)
restricts to an isomorphism of K onto Sp2n(O((t))). If F = R, the image of K under the map Eq. (12) is
K¯ = {g(t) ∈ Sp2n(R[t, t−1]) ∣∣ g(t)g(t−1)T = I2n},
where g(t−1)T denotes the transpose of g(t−1). K¯ may be regarded as a “maximal compact subgroup”
of Sp2n(R((t, ))). If F = C, the image of K under the map Eq. (12) is
K¯ = {g(t) ∈ Sp2n(C[t, t−1]) ∣∣ g(t)g(t−1)T = I2n},
K¯ may be regarded as a “maximal compact subgroup” of Sp2n(C((t))). The Iwasawa decomposition
holds
S˜p2n
(
F ((t))
)= BK .
We recall some lemmas in [4].
Lemma 2.1. There is a splitting homomorphism Sp2n(F [[t]]) → S˜p2n(F ((t))).
With this lemma, we shall regard Sp2n(F [[t]]) as a subgroup of S˜p2n(F ((t))). Also it is clear that B
is a subgroup of C∗ Sp2n(F [[t]]).
Lemma 2.2. If F = R or C, there is a non-zero element φ0 ∈ S(t−1F [t−1]2n) ﬁxed by K up to a scalar.
For F = R, the function φ0 is the following. We let ( , )0 be the inner product on t−1R[t−1]2n such
that the monomials t−ie j are orthonormal, where i = 1,2, . . . , and e j ( j = 1, . . . ,2n) is the standard
basis for R2n . Then φ0(x) = eπ i(x,x)0 . It can be proved that for each g ∈ Sp(R((t))2n, X+),
T gφ0(x) = T geπ i(x,x)0 = ceπ i(x,x)g , (13)
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c is a scalar. We call the space of all such quadratic forms ( , )g as g varies on
T Sp2n
(
R((t))
)
(where T is in AutR((t))) a loop upper half space (it depends on T ). See [11] for the proof of the
above assertions. The similar results hold for C.
Lemma 2.3. If F is a non-Archimedean local ﬁeld with residual characteristic not equal to 2 and ring of inte-
gers O, and if the conductor of ψ is O, i.e.,
O = {x ∈ F ∣∣ψ(xb) = 1, for all b ∈ O}.
Then the characteristic function φ0 of t−1O[t−1]2n is ﬁxed by K .
We shall ﬁx φ0 ∈ S(t−1F [t−1]) as described in Lemmas 2.2 and 2.3.
In the remainder of this section, we assume F is a number ﬁeld. We have, for each place v of F ,
a representation of the semi-direct product Aut Fv ((t))  S˜p2n(Fv ((t))) on the space S(X−,v), where
X−,v = t−1Fv [t−1]2n . We now deﬁne the adelic metaplectic loop group for Sp2n and its Weil repre-
sentation.
Let A denote the ring of adeles of F , and ψ = Πψv be a non-trivial character of A/F . For a non-
Archimedean place v , Ov denotes the ring of integers. We let
A〈t〉 = {(av) ∈ Πv F v((t)) ∣∣ av ∈ Ov((t)) for almost all v}.
And we let
F 〈t〉 = A〈t〉 ∩ F ((t)).
An element a ∈ F ((t)) is in F 〈t〉 if and only if for almost all ﬁnite places v , a ∈ Ov((t)). The above
deﬁnition F 〈t〉 also makes sense for a functional ﬁeld F of a curve C , it has the geometric interpre-
tation as the function ﬁeld of a ribbon based on C (see [6] for the deﬁnition of ribbon). It is easy to
prove that F 〈t〉 is a subﬁeld of F ((t)).
The adelic loop group for Sp2n without central extension is deﬁned as Sp2n(A〈t〉). It is clear
that Sp2n(A〈t〉) is the restricted product of Sp2n(Fv ((t))) with respect to “maximal compact” sub-
groups Sp2n(Ov((t))). The adelic metaplectic loop group S˜p2n(A〈t〉) is deﬁned as the restricted product∏′
v S˜p2n(Fv ((t))) with respect to “maximal compact” subgroups Kv . We have the exact sequence
1 →
⊕
v
C∗ → S˜p2n
(
A〈t〉)→ Sp2n(A〈t〉)→ 1. (14)
We can also deﬁne the adelic group for Aut F ((t)). For Fv = R, we deﬁne the maximal “compact”
subgroup of AutR((t)) as {−t, t}. If Fv = C, we deﬁne the maximal “compact” subgroup of AutC((t))
as {ct | |c| = 1}. If Fv is a non-Archimedean local ﬁeld, we deﬁne the maximal “compact” subgroup of
Aut Fv ((t)) as the subgroup consisting of elements
∑∞
i=1 citi with c1 ∈ O∗v and ci ∈ Ov for all i  2.
It is easy to check that the above maximal “compact” subgroups of Aut Fv ((t)) preserves the “maximal
compact subgroup” Kv of S˜p2n Fv((t)). The adele group for Aut F ((t)) is
AutA〈t〉 =
∏
v
′
Aut Fv((t)),
where the restricted product is with respect to the “compact” subgroup of Aut Fv((t)) deﬁned as
above. It is clear that AutA〈t〉 acts on S˜p2n(A〈t〉), so we have semi-direct product AutA〈t〉 S˜p2n(A〈t〉).
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Since for almost all places v , there is φv,0 (Lemma 2.3) ﬁxed by the local “maximal compact”
group Kv , the space
⊗′ S(t−1Fv [t−1]2n) formed by ﬁnite linear combinations of elements of type⊗
v f v , where f v ∈ S(t−1Fv [t−1]2n) and f v = φv,0 for almost all places v , is a representation of
S˜p2n(A〈t〉). We call this representation the adelic Weil representation. And note that for almost
all places v , the maximal compact subgroup of Aut Fv((t)) ﬁxes φv,0, so AutA〈t〉  S˜p2n(A〈t〉) acts
on
⊗′ S(t−1Fv [t−1]2n), it is clear that ⊗′ S(t−1Fv [t−1]2n) can be regarded as a function space on
t−1A[t−1]2n .
Because the local symbols in Eq. (5) satisfy the product formula∏
v
( f1, f2)v = 1,
for f1, f2 ∈ F 〈t〉, we have:
Lemma 2.4. There is a splitting homomorphism Sp2n(F 〈t〉) → S˜p2n(A〈t〉).
We may regard Sp2n(F 〈t〉) as a subgroup of S˜p2n(A〈t〉).
3. Theta functional
We continue to assume F is a number ﬁeld. In this section, we ﬁrst introduce a certain func-
tion space E(t−1A[t−1]2n) on t−1A[t−1]2n that is closed under the action of the adelic metaplec-
tic group S˜p2n(A〈t〉). For T ∈ AutA〈t〉 satisfying certain conditions, we construct theta functional
θ : TE(t−1A[t−1]2n) → C and prove that it is invariant under Sp2n(F 〈t〉).
The deﬁnition of functional θ is similar to the classical case:
θ( f ) =
∑
r∈t−1 F [t−1]2n
f (r).
The main problem is to ﬁnd a suitable subrepresentation on which θ is convergent.
For a ﬁnite place v , a subgroup of the Heisenberg group Hv = Fv ((t))2n × Fv is called a congruence
subgroup if it contains πkvOv((t))2n for some positive integer k, where πv ∈ Ov is a local prime.
A function φv ∈ S(t−1Fv [t−1]2n) is called an elementary function if φv is bounded and ﬁxed by some
congruence subgroup of Hv . It is clear that the function φ0,v in Lemma 2.3 is an elementary function.
The space of elementary functions in S(t−1Fv [t−1]2n) is closed under the action of Kv [4]. And an
elementary function is supported in πmv t
−1Ov [t−1]2n for some m [4].
Let
E(t−1A[t−1]2n)
be the space of functions on t−1A[t−1]2n which are ﬁnite linear combinations of π(g)Πφv , where
g ∈ S˜p2n(A〈t〉), φv = φ0,v for all inﬁnite places v and almost all ﬁnite places v , and every remaining φv
is an elementary function. It is clear that E(t−1A[t−1]2n) is a subrepresentation of ⊗′ S(t−1Fv [t−1]2n).
We introduce semi-subgroups of AutA〈t〉 by
AutA〈t〉>1 =
{( ∞∑
i=1
ci,vt
i
)
∈ AutA〈t〉
∣∣∣ |c1,v | 1 for all v, ∏
v
|c1,v |v > 1
}
,
AutA〈t〉+ =
{( ∞∑
ci,vt
i
)
∈ AutA〈t〉
∣∣∣∏
v
|c1,v |v > 1
}
.i=1
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AutA〈t〉>1 ⊂ AutA〈t〉+.
Since AutA〈t〉 normalizes S˜p2n(A〈t〉), for any given T ∈ AutA〈t〉+ , the space T · E(t−1A[t−1]2n) is
closed under the action of S˜p2n(A〈t〉).
We now deﬁne, for a given T ∈ AutA〈t〉+ , a functional
θ : T · E(t−1A[t−1]2n)→ C
and prove that it is invariant under the arithmetic subgroup Sp2n(F 〈t〉). The theta functional is deﬁned
as
θ( f ) =
∑
k∈t−1 F [t−1]2n
f (k).
Our main result is:
Theorem 3.1. If T ∈ AutA〈t〉+ and f ∈ TE(t−1A[t−1]2n), then θ( f ) converges absolutely.
If T ∈ AutA〈t〉>1, the convergence was proved in [4]. First we need some lemmas analogous to
Lemmas 4.7 and 4.8 in [11].
Lemma 3.2. If f ∈ S(Am) takes values in R everywhere and its Fourier transform satisﬁes F f  0. Then for
every v ∈ Am, ∑
k∈Fm
f (k + v)
∑
k∈Fm
f (k).
Proof. Apply the Poisson summation formula, we have∑
k∈Fm
f (k + v) =
∑
k∈Fm
ψ
(
(v,k)
)
F f (k),
so ∑
k∈Fm
f (k + v)
∑
k∈Fm
∣∣ψ((v,k))F f (k)∣∣= ∑
k∈Fm
F f (k) =
∑
k∈Fm
f (k). 
Using Lemma 3.2 repeatedly, we can prove:
Lemma 3.3. Let V1, . . . , Vm be ﬁnite dimensional F -spaces, V = V1 ⊕ · · · ⊕ Vm. Suppose f (x) =
f (x1, . . . , xm) ∈ S(V (A)) takes values in R and its partial Fourier transforms Fi f  0 (i = 1, . . . ,m), i.e.,∫
Vi(A)
f (x1, . . . , xm)(xi, yi)dxi  0,
where yi is in the Pontryagin dual of V i(A). Let
U : V1(A) ⊕ · · · ⊕ Vm(A) → V1(A) ⊕ · · · ⊕ Vm(A)
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U V i(A) ⊂ V1(A) ⊕ · · · ⊕ Vi(A), U |Vi(A) ≡ 1 mod V1(A) ⊕ · · · ⊕ Vi−1(A).
Then ∑
k∈V
f (Uk)
∑
k∈V
f (k).
Lemma 3.4. Let S be a ﬁnite set of places of F , let F S = Πv∈S F v . Let V1, . . . , Vm be free F S -modules of ﬁnite
rank. Suppose for all i, f i ∈ S(Vi)  0 and F fi  0. Let Li ⊂ Vi be a lattice (i.e. Li is discrete subgroup with
the quotient group compact). Let
U : V1 ⊕ · · · ⊕ Vm → V1 ⊕ · · · ⊕ Vm
be an F S -linear operator satisfying the condition
U Vi ⊂ V1 ⊕ · · · ⊕ Vi, U |Vi ≡ 1 mod V1 ⊕ · · · ⊕ Vi−1.
Then for f (x1 ⊕ · · · ⊕ xm) =∏mi=1 f i(xi), we have∑
k∈L
f (Uk)
∑
k∈L
f (k),
where L = L1 ⊕ · · · ⊕ Lm.
We like to give a simple application of Lemma 3.3. We ﬁrst deﬁne an Arakelov bundle of rank
r over the arithmetic curve ŜpecO to be a projective O-module L of rank r together with an in-
ner product ( , )σ on L ⊗O Fσ for each inﬁnite place σ (see e.g. [5]). And we deﬁne h0(L) as
log(
∑
v∈L e−π‖v‖
2
), where ‖v‖2 =∑σ (v, v)σ . A short exact sequence of Arakelov bundles is an exact
sequence of O-modules
0 → L1 → L → L2 → 0
such that for each inﬁnite place σ , the induced embedding L1 ⊗O Fσ → L ⊗O Fσ is an isometry and
the inner product on L2 ⊗O Fσ is the quotient inner product. For Vi = Li ⊗O F (i = 1,2) and suitable
choices of f1, f2 and U , the inequality in Lemma 3.3 is equivalent to
h0(L) h0(L1) + h0(L2).
The analogous inequality for a short exact sequence of vector bundles on a curve is trivial.
We also need a lemma in [5].
Lemma 3.5. Let D be an Arakelov divisor, i.e. a formal ﬁnite sum∑
p
xpp +
∑
σ
xσ σ ,
where p and σ run over ﬁnite and inﬁnite places of F respectively, with coeﬃcients xp in Z but xσ in R. The
degree of D is given by
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∑
p
xp logNp +
∑
σ
xσ ,
where Np is the cardinality of the residue ﬁeld at p. Let ID =∏p p−xp be the fractional ideal corresponding
to D, and for f ∈ F let
‖ f ‖2D =
∑
σ real
| f |2σ e−2xσ + 2
∑
σ complex
| f |2σ e−xσ .
Let C > 0 be a constant. If deg D  12 log ||, then
∑
f ∈ID
e−C‖ f ‖2D − 1 βe−Cde−
2
d deg D
for some constant β which only depends on C and F . Here d = [F : Q] and  is the discriminant of F .
We remark that the function ﬁeld analog of this lemma is that H0(X, L) = 0 for an invertible sheaf
L on a complete curve X with deg L < 0.
Proof of Theorem 3.1. For each place v , Tv can be factorized as a product
Tv = Tv,u ∗ Tv,d =
(
t +
∞∑
i=2
cit
i
)
∗ (qvt).
We may assume f = Π f v such that f v = φv,0 for almost all ﬁnite places v . Let S be a ﬁnite set of
places containing all inﬁnite places v and all ﬁnite places v with f v = φv,0 or |qv |v = 1. Then
θ( f ) =
∑
k∈t−1OS [t−1]2n
(
T ·
∏
v∈S
f v
)
(k).
For each v ∈ S , f v = gvφv for gv ∈ S˜p2n(Fv ((t))) and φv elementary for a ﬁnite place v and φv = φv,0
for an inﬁnite place v . By the Iwasawa decomposition, we write gv = bvkv for kv ∈ Kv , bv ∈ Bv , and
we further write bv = uvav , where uv is in the pro-unipotent radical Uv of Bv and av is in the Cartan
subgroup Av . Since for a ﬁnite place v , the space of elementary functions in S(t−1Fv [t−1]2n) is closed
under Kv (see [4]), kv f v is again elementary. So we may assume f v = uvavφv for some elementary
function φv . Without loss of generality we may further assume that φv is the characteristic function
of πmvv t
−1Ov [t−1]2n for some integer mv . We have
f v = Tv,u ∗ Tv,duvavφv .
So we need to prove the convergence of
∑
k∈t−1OS [t−1]2n
∏
v∈S
∣∣Tv,u((qvt) · uv)((qvt)avφv)(k)∣∣. (15)
This is established by the following two propositions. 
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function of πmvv t
−1Ov [t−1]2n for v ∈ Sﬁn, T v,u = t + c2,vt2 + · · · , av ∈ Av and uv ∈ Uv , then∑
k∈t−1OS [t−1]2n
∏
v∈S
∣∣Tv,uuv((qvt)avφv)(k)∣∣ ∑
k∈t−1OS [t−1]2n
∏
v∈S
∣∣((qvt)avφv)(k)∣∣. (16)
Proof. Let F S = Πv∈S F v . Consider the ﬁnite rank F S -submodules Vi = t−i F 2nS of t−1F S [t−1]2n consist-
ing of homogeneous polynomials of t−1 of degree i, which gives us a decomposition
t−1F S
[
t−1
]2n = ∞⊕
i=1
Vi .
Let us deﬁne Wm = V1 ⊕ · · · ⊕ Vm . Consider the operator
Tv,uuv =
[
αv βv
γv δv
]
.
Clearly γv = 0, and the operator (αv )v∈S satisﬁes
(αv)v∈S V i ⊂ Wi, (αv)v∈S |Vi ≡ 1 mod Wi−1.
By (3) we have
Tv,uuv f v(x) = ψ
(
1
2
〈xαv , xβv〉
)
f v(xαv).
Therefore apply Lemma 3.4 we obtain that∑
k∈t−1OS [t−1]2nm
∏
v∈S
∣∣Tv,uuv f v(k)∣∣= ∑
k∈t−1OS [t−1]2nm
∏
v∈S
f v(kαv)
∑
k∈t−1OS [t−1]2nm
∏
v∈S
f v(k)
for any f v ∈ S(Wm,v ) which equals a product of bipositive functions f i,v ∈ S(Vi,v) (i.e., f i,v and its
Fourier transform are both non-negative), i = 1, . . . ,m, v ∈ S . Here t−1OS [t−1]2nm is the OS -submodule
of t−1OS [t−1]2n consisting of polynomials of degree less than or equal to m.
Recall the action Eq. (3) of T g on S(X−). Since βav = γav = 0, avφv(x) = φv(xav). Both the Gaussian
functions φv,0 for v ∈ S∞ and the characteristic functions φv for v ∈ Sﬁn when restricted on Wm,v
can be split into a product of bipositive functions on each piece V i,v . Clearly the action of av and
qvt preserve each Vi,v and preserve bipositivity, hence (qvt)avφv restricted on Wm,v also splits as
required. Apply above inequality to the restriction of (qvt)avφv on Wm,v and let m → ∞, we get
Eq. (16). 
Proposition 3.7. Given a ﬁnite set of places S containing all inﬁnite places, φv = φv,0 for v ∈ S∞ and φv
elementary for v ∈ Sﬁn, and qv ∈ F ∗v such that
∏
v∈S |qv |v > 1, the function
F (a) =
∑
k∈t−1OS [t−1]2n
∏
v∈S
(
(qvt)avφv
)
(k)
converges absolutely and uniformly for a = (av )v∈S runs over a compact subset Ω of∏v∈S Av .
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characteristic function φ′v of π
kv
v t
−1Ov [t−1]2n , for some integer kv which only depends on Ω and φv .
Moreover, there exists some constant C > 0 depending on Ω such that for v ∈ S∞ ,
∣∣(qvt)avφv,0(k)∣∣ exp(−C 2n∑
i=1
∞∑
j=1
|kij|2v |qv |2 j−2
i
)
if
k =
( ∞∑
j=1
kijt
− j
)
i=1,...,2n
∈ t−1OS
[
t−1
]2n
,
where 
i = 0 or 1 according to i  n or i > n. Let pv correspond to v ∈ Sﬁn , qv ∈ πnvv O∗v , and σv
correspond to v ∈ S∞ . Deﬁne the Arakelov divisors
D0 = −
∑
v∈Sﬁn
kvpv ,
D j = D0 + j
∑
v∈Sﬁn
nvpv − j
∑
v real
log |qv |σv − 2 j
∑
v complex
log |qv |σv
= D0 + j
∑
v∈Sﬁn
nvpv − j
∑
v∈S∞
log |qv |vσv .
Reduction at the beginning of the proof implies that
Eq. (16)
2n∏
i=1
∞∏
j=1
∑
ki j∈ID j−
i
exp
(
−C
∑
v∈S∞
|kij|2v |qv |2 j−2
i
)
=
2n∏
i=1
∞∏
j=1
∑
ki j∈ID j−
i
exp
(−C‖kij‖2D j−
i ).
Therefore we only need to prove the convergence of
∞∏
j=1
∑
k∈ID j
e
−C‖k‖2D j .
But we have
deg D j = deg D0 − j log
∏
v∈S
|qv |v < 1
2
log ||
for j large enough. Hence we may apply Lemma 3.5 to obtain that
∑
k∈ID j
e
−C‖k‖2D j − 1 βe−Cde−
2
d deg D j = β exp
(
−Cde− 2d deg D0
(∏
v∈S
|qv |v
) 2
d j
)
.
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Π∞j=1
(
1+ β exp
(
−Cde− 2d deg D0
(∏
v∈S
|qv |v
) 2
d j
))
converges. This proves the proposition, hence also Theorem 3.1. 
Corollary 3.8. If f =∏v P v T vπ(gv)φv such that P v is a polynomial function for all inﬁnite places v and
equals 1 for all ﬁnite places, g = (gv) ∈ S˜p2n(A〈t〉), T = (Tv ) ∈ AutA〈t〉+ and φv ’s are as before, then θ( f )
converges absolutely.
Proof. As in the proof of Theorem 3.1, we are reduced to prove the convergence of∑
k∈t−1OS [t−1]2n
∏
v∈S
∣∣Pv(k)Tv,u((qvt) · uv)((qvt)avφv)(k)∣∣
=
∑
k∈t−1OS [t−1]2n
∏
v∈S
∣∣Tv,u((qvt) · uv)(P ′v(qvt)avφv)(k)∣∣, (17)
where P ′v = (Tv,u((qvt) · uv))−1Pv is a function of polynomial growth. In fact, by Eq. (3) we see that
P ′v(k) = ψ
(
1
2
〈xαv , xβv〉
)
Pv(xαv)
if we write
(
Tv,u
(
(qvt) · uv
))−1 = [ αv βv
γv δv
]
,
from which our claim is clear. Then Eq. (17) is bounded by a multiple of∑
k∈t−1OS [t−1]2nd
∏
v∈S
∣∣Tv,u((qvt) · uv)((qvt)avφv)(k)∣∣1−
,
where 
 is a small positive number. Since (qvt)avφ
1−

v,0 (v ∈ S∞) is still Gaussian and φv (v ∈ Sﬁn)
is some characteristic function, the convergence follows from Eq. (16) and the proof of Proposi-
tion 3.7. 
We end this paper by the following theorem.
Theorem 3.9. Fix f ∈ E(t−1A[t−1]2n), then θ f (g) := θ(g · f ) is automorphic as a function of g ∈ AutA〈t〉+ 
S˜p2n(A〈t〉), i.e.
θ f (γ g) = θ f (g)
for any γ ∈ Aut F 〈t〉  Sp2n(F 〈t〉).
To see the invariance under Aut F 〈t〉 one only needs to apply the action formula (3), notice that
γ = 0 in this case and ∏v ψv is trivial restricted on F . See [4], Theorem 3.6 for the invariance under
Sp2n(F 〈t〉).
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